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Abstract: Connection between the partition function for the 2D sigma model with
boundary pertubations and the low energy eective action for massless elds in the
open string theory is discussed. In the non-abelian case with a stack of N D-branes,
the terms up to the order of α03 are found.
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1. Introduction
Open string theory can be considered as a eld theory with innite number of elds,
corresponding to dierent string excitations. Although string theory tells us how to
calculate scattering amplitudes [1] for these elds, we still do not know the correspond-
ing eld theory action. In the low energy limit one may be interested in the eective
action for massless elds (with massive ones integrated out). All amplitudes calculated
using this eective action should coincide with those obtained in string theory. As a
rst approximation, one may try to nd some "classical" eective action, which is only
demanded to reproduce the tree diagrams. One way to construct it is to consider the
generating functional for the connected tree diagrams, which can be written as the












and e−Sint[X,J ] is some boundary perturbation






with appropriate boundary vertex operators Oi. It is easy to see that in the critical
dimension and for the conformal boundary perturbation Z[J ] is, indeed, a generating
functional for connected tree diagrams (without external legs).
Now suppose that we have a second quantized eld theory with some action S[ϕ],
then the generating functional of all connected diagrams is
e−W [J ] =
Z
Dϕe−S[ϕ]−Jϕ (1.4)
If interested in the connected tree diagrams (i.e. the semi-classical approximation), one
should evaluate integrand in the saddle point





Thus, the generating functional for the connected tree diagrams and the action are
related by the Legendre transformation.
The generating functional for the connected tree diagrams without external legs is




ϕKϕ+ V [ϕ]. (1.6)
The 2-D sigma model partition function Z[J ] is also the generating functional for
the connected tree diagrams without legs, thus we require that Z[J ] = Wtree[KJ ]. Let
us see, how Z[J ] and the action S[ϕ] are related pertubatively in the leading order.






ϕc[J ] = −K−1J −K−1 δV
δϕ
[K−1J ] + . . . (1.8)
(1.9)
Substituting ϕc[KJ ] into (1.5), one gets in the leading order
Z[J ] = W [KJ ] = −1
2








+ . . . (1.10)
Z[J ] is the generating functional for all the connected tree diagrams and is contributed







responding to the diagrams with one internal line, and so on. Note that Z[J ] has poles
(K−1) when any propagating particle inside some diagrams lies on-shell (i.e. has p2 = 0
for massless elds).
To nd S[ϕ] from W [J ] = Z[ eJ ], eJ  K−1J , one needs to make the inverse
Legendre transformation. When
Z[ eJ ] = −1
2
eJK eJ + eZ[ eJ ] (1.11)
one has






eJ should be expressed in terms of ϕ. One can do it pertubatively
eJ = −ϕ +K−1 δ eZ
δ eJ [ eJ(ϕ)] = −ϕ +K−1 δ eZδ eJ [−ϕ + . . . ] (1.13)
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We are going to evaluate 2D-sigma model partition function pertubatively in mo-
menta 1 (but it will allow us to get in some cases a nonpertubative in the eld strength
expression).
For instance, let us consider, the simplest case: potential for the constant tachyon




Z[eT ] = De− 12pi H∂D eT∂τE = e− eT (1.14)
Making the Legendre transformation (1.12) one obtains the exact tachyon potential
[10]
S[eT ] = e− eT (1 + eT ) (1.15)
and, after the eld redenition e− eT = T , eT = log(−T ), one obtains





We see that in this particular case (1.12) works well.
Our next goal is to obtain the eective action for the massless elds living on a stack
of N parallel D-branes. We expect the partition function suers from divergences in
this case, since K−1  1
p2
has pole at p2 = 0. In terms of the 2D sigma model, as we will
see, it will be a logarithmic divergence at small distances due to massless exchanges and
a linear divergence due to the tachyon exchange. Thus, the partition function needs
some regularization and renormalization. The regularization can be done by modifying
2D-propagators, which is equivalent to the 2D world-sheet cut-o at small distances
and at the same time it implies an IR-cuto in the target space-time. This IR space-
time divergence arises when the string world-sheet can be represented as (i.e. the unit
disk conformally transformed to) a long strip which connects the initial and the nal
states. The length L of this strip is proportional to ln 1
ε
, where ε characterize how close
may be the points on the unit disk. The expression for the propagator from the rst







In terms of string theory, L is connected with parameterization of the moduli space of
string surface in the neighborhood of its degeneracy. As was stated before, the string
surface becomes degenerate when the points ti, in which the vertex operators have been




jti − tj j

(1.18)
1i.e. in derivatives in the coordinate representation.
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We work with the perturbative expansion over momentum at the point p = 0, there-
fore, (1.17) diverges as L, when m2 = 0 and as e−α
0m2L, when α0m2 < 0. The ε-
regularization, which we are going to use, eectively bounds min jti − tjj ’ ε, i.e.
maxL ’ ln(1
ε
). Hence, we shall get the linear divergence 1
ε
, when α0m2 = −1 (that
is the tachyon exchange), and the logarithmic one ln 1
ε
, when m2 = 0 (for the mass-
less particle exchange). In the string amplitude non-perturbative over momentum the
rst divergence is hidden, since an analytical continuation in momentum is used [1],
(at p = 0 after the analytical continuation the propagator for the tachyon is − 1
α0 , see
below), while the second, logarithmic divergence describes the pole 1
p2
at p = 0.
In the superstring calculation, when the tachyon is decoupled, only logarithmic
divergences (i.e. massless particle exchanges) survive. The way to get the eective
action from the partition function is, indeed, the renormalization procedure [6] for the
2D-sigma model with boundary couplings (which are elds in the target space-time),






























δeϕ [eϕ(ϕ)] = −ϕ + 12α0pi2 ln 1ε δ eZδeϕ [−ϕ + . . . ] (1.21)

















The resulting ambiguity in the eective action (the renormalized partition function) is
indeed due to the eld redenition ambiguity.
In the bosonic case, the situation is more dicult due to presence of the tachyon
coupling to massless elds. We have two ways to nd the action for the massless elds.
First, one can include the tachyon boundary coupling into the partition function, then
to construct the action including both the tachyon eld and the massless elds, and
then to exclude the tachyon by the equations of motion. The second way is to calculate
the partition function with only the massless elds turned on. In this case the tachyon
eld is already integrated out, but before constructing the action from the partition
function (i.e. Legendre transformation or renormalization of logarithmic divergences),
one should analytically continue amplitudes in momentum in order to remove the linear
divergence emerged due to the tachyon exchange.
4
2. Stack of N D-branes
Now we are going to nd the low energy eective action for the massless elds living












Here the averaging is done with e−Sfree[X] (1.2) and the functional integration is per-
formed over the world-sheet embedding into the space-time with the following boundary
conditions
Xk  ∂nXk = 0 k = 0,    , p (2.2)
_X i  ∂τX i = 0 i = p+ 1,    , D − 1 (2.3)
The coordinates Xk run along D-brane, X i run in perpendicular directions, ∂τ is
a tangent derivative along the disk boundary, and ∂n is a normal derivative. These
conditions mean that open strings end on the flat p-dimensional hyperplane, that is
Dp-brane. The vector eld Ak and D − p− 1 scalars i in (2.1) describe the massless
sector of open strings with the boundary conditions (2.2,2.3). In the case of a single
Dp-brane, the gauge group is U(1), the elds are abelian, and the resulting eective
action can be found in all orders in the constant eld strength Fkl (it is DBI-action [4]).
However, in the case of a stack of N Dp-brane, the elds Ak and i become non-abelian
U(N) elds: they carry additional U(N) Chan-Paton indices [9]. 2 In the non-abelian
case there is no unambiguous way to extract from the eective action the part that
does not depend on the derivatives of the eld strength [5]. 3 Therefore, we are going
to get the rst terms of the non-abelian action in the expansion in α0.
Let us illustrate that the 2D sigma model partition function is, indeed, the gener-











































2N N indices describe pairs of N branes that the ends of the open string are attached to.














We shall decompose functions X(σ) to zero modes and deviations "orthogonal" to them
Xµ(σ) = Xµ + xµ(σ) (2.5)Z
d2σ xµ(σ) = 0 (2.6)



















































Functional measure for the Gaussian integral is dened so that
h1i = 1 (2.9)
Thus, Z[A] is equal to 1 plus the sum of string amplitudes with the number of external
legs varying from 1 to 1. 5
3. The partition function
Let us start calculating the partition function (2.1) Z[, A], with the case of A equal











Indeed, it is enough to calculate only this part of the partition function, since the
remaining part, the dependence on A(X), can be restored by T-duality: one has to
substitute ri = ∂i+Ai instead of i. Unfortunately, there is no simple way to take the
integral, since in the non-abelian case, due to the P -ordering, the functional integral is







dtn−1   
t2R
0
dt1 is the path ordered integral over the points where these vertex
operators are inserted. (tα parameterize the disk boundary.) δ (
Pn
α=1 qα) is due to the conservation
of momentum. Thus, the n-th term is exactly the expression for the string scattering amplitude.
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After performing the Gaussian integration (see the Appendix for more details) we get




(2pi)p+1 Tr i(q)i(−q)α0pi3/24−α0q2 Γ(−α
0q2 − 1/2)
Γ(−α0q2) (3.3)




(2pi)p+1q2 Tr i(q)i(−q) = −2α02pi2
Z
dp+1X Tr ∂ki∂ki (3.4)
Let us compare it with the initially pertubative in momentum 6 calculation which
we have to perform for the terms that includes the next powers of . After expanding




























dp+1X Tr ∂ki∂ki (3.5)
Here we see that the mass term also vanishes, and, that the nite part of the kinetic
term coincides with the one in (3.4). Therefore, in this example, the regularization by
analytical continuation is equivalent to dropping the 1
ε
term (see The Appendix for
more details about the regularization).
Then, let us calculate the 4-term by the same expansion near zero momentum. In






dp+1X Tr[i,j ][i,j] (3.6)
After turning on the eld A, we shall also get the following expression for the kinetic
energy with derivatives substituted by the covariant ones






dp+1X Tr[∂k + Ak, ii][∂k + Ak, ii] (3.7)
6or in derivatives in the coordinate representation
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Meanwhile, the kinetic energy of A itself is






where, as usual Fkl = [rk,rl] = [∂k + Ak, ∂l + Al].
We can combine these terms







rµ = ∂µ + Aµ, µ = 0   p
rµ = −iµ, µ = p+ 1   D − 1
(3.10)
The divergences of all these terms is the same:
P1
n=1 1, and after the regularization
(see The Appendix) by analytical continuation it reduces to
P1
n=1 1 = −1/2. The origin
of these divergences, as was stated before, is the tachyon contribution to the exchange
diagram. However, after analytical continuation in momentum it disappears similar to
analytically continued (1.17) evaluated at p = 0 with α0m2 = 1. This statement will be
conrmed further by the calculations in the case of superstring [7], where the tachyon
is decoupled, and no linear divergence appears. We shall encounter the logarithmic
divergence for the rst time in 6-term, because there are non-vanishing vertices 7
with four legs for constant , and, therefore, there is an innite at zero momentum
diagram , in which the  eld propagates between these two vertices.
Let us calculate the 6-term. The details of the calculation can be found in the




































(k + n)(k − n)e
−(n+2k)ε (3.14)
We see that both the linear and logarithmic divergences are present.
7−α02pi2 Tr[Φi, Φj ][Φi, Φj ]
8






is cancelled by fermionic contributions (in the superstring case the tachyon, that causes
the linear divergence, is decoupled), and the nal expression is equal exactly to the
bosonic one, regularized by analytical continuation in momentum. But at the 6-term
ln 1
ε
remains, which is the simple pole 1
q2
at q = 0 in terms of the momentum represen-
















2Ab + 2Bb − 2Af − 2Bf
Z


























(Af − Ab) + 2(Cf − Cb)  −pi2 ln 1
ε
(3.19)

















Thus, there is only the logarithmic divergence that has been predicted before. It is
worth noting that the answer for the partition function at constant  can be expressed
in terms of only commutators of i. That has a simple interpretation. Indeed, in the
abelian case the P -ordering in the partition function Z[] (3.1) is not essential, the
functional integral can be easily taken, and the answer is Z[] = 1. Also, in the T -dual
picture, i should be replaced by the operator ri = ∂i + Ai, however we know that
every symbol ri should be placed under commutator. 8
8Otherwise the overall expression is to be a differential operator on the field functional space, which
it should not be.
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4. The effective action for the  fields






















(2α0pi)2q2 Tr (q)(−q) (4.3)
Therefore, we should have K−1 = 1jq2=0, however after regularization this innity is
replaced by ln 1
ε
. As was stated before, from the rst quantized eld theory we have







The regularization by ε in the string theory world sheet calculations eectively corre-











































2 = 4[[j ,i],j] (4.8)



















Thus, after renormalization, the potential in the superstring case, up to the sixth
order in  is equal to
S[] = −1
4
(2α0pi)2 Tr[i,j]2 + c[[ij ],i][[kj ],k] (4.9)
In this order we can choose c equal to 0. Indeed, making the following eld redenition
i ! i + c1[[k,i],k] (4.10)
Tr[i,j ]
2 ! Tr([i,j ]2 + 4c1[[ij ],i][[kj ],k] + o(6)) (4.11)
we obtain the same c-term structure from the term Tr[i,j ]
2, thus c! c− (2α0pi)2c1.
This eld redenition also aects the terms containing higher powers of , but unless
we x coecients in the terms of the order more than 6, c can be set to 0.
Now let us get the action from the partition function of the bosonic string. In this
case, we have for the partition function the following expression

























Now, the situation is more subtle than in the superstring calculations, since the
bosonic partition function has not only logarithmic but also linear divergencies, that
should be regularized by analytical continuation in momentum before deriving the ac-
tion from it. However, we have only the leading divergent term of the perturbative
expression for Z6[] nearby q = 0 and naively cannot restore analytically continued
expression from that region of q, where it converges. In addition, on-shell, (we calcu-
lated for constant ), there is the Vol(SL(2, R)) (Mobius) innity. Fixing SL(2, R)
makes nite some terms in Z4[] + Z6[], but not all of them, (even in the 
4-term,
which does not contain contributions of the  exchange diagram, but does contain the
tachyon exchange diagram). However, we can still indirectly restore (regularize) some
divergent terms with the SL(2, R) being xed, using general additional properties of
the potential for constant : it should not change under the following transformation 9:
i ! i + i, if [i,j] = 0, [i,j ] = 0 (4.15)
9It means that it should be constructed only from commutators of Φi.
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and should be the trace of polynomial of i.
Thus, there are only one structure for 4-term
Tr[i,j]
2 (4.16)
and only two linear independent structures for 6-term:
Z61 = Tr[ij ][jk][ki] (4.17)
Z62 = Tr[[ij],i][[kj ],k] (4.18)
As usual, we can omit integration over SL(2, R) by arbitrarily xing three points,



















integrating over the positions of remaining points, and dividing the result by the number
of external legs (since in the initial region of integration the rst point is always the
nearest to zero, but the SL(2, R) transformation can cyclically permute points). In
such a way we, one gets the nite expression for this contribution in the order 4
Z4[]  −2(piα0)2 Tr ijij (4.20)
and we can uniquely restore the full expression for Z4[] = −14(2piα0)2 Tr[i,j ][i,j ].






However, we know that the structure Z62
Tr[[ij ],i][[kj ],k] (4.22)
does not contain
Tr ijkijk, (4.23)
i.e. Tr ijkijk can only emerge from Z61
Tr[ij ][jk][ki]  −Tr ijkijk (4.24)




Tr[ij ][jk][ki] + λZ62 , (4.25)
10The norm has been chosen in such a way that the SL(2, R) fixing for Φ4-term corresponds to the
previous regularization by ζ-function.
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where λ is yet arbitrary. However, the structure Z62 appears in the partition function






with V  [i,j]2 and
should be subtracted to get the action.
Thus, the potential in the bosonic string case, up to the sixth order in  is equal to
S[] = −1
4
(2α0pi)2 Tr[i,j ]2 − (2α
0)3pi2
3
Tr[ij ][jk][ki] + c[[ij ],i][[kj ],k],
(4.26)
where c can be set to 0 unless we x coecients of the terms of higher powers in .
(The reason is the same as in the superstring case, see above.)
5. Conclusion
We discussed the connection between the partition function for the 2D sigma model
with boundary pertubations and the tree level eective action for massless elds in the
open string theory. By direct calculation we obtained the potential for the non-abelian
massless scalars on a stack of N Dp-brane up to the order 6. In the case of bosonic
the string, the answer is
V [] = −1
4





In the case of the superstring, the answer is
V [] = −1
4
(2α0pi)2 Tr[i,j ]2 +O(8) (5.2)
There is another structure (4.22) that can arise in the order 6, but its coecient can
be made arbitrary by eld redenition, see (4.26,4.11).
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A. Appendix
For evaluation of the partition function (2.1) we need the 2-dimensional propagators for
Xµ with the Dirichlet and Neumann boundary conditions. They are equal to the Green
13
















Here x(σ) does not contain the zero modeZ
x(σ) d2σ = 0
On the complex plane z = σ1 + iσ2 with unspecied boundary conditions the prop-
agator is
G(z1, z2)µν = gµνG(z1, z2) (A.2)
G(z1, z2) = −α0 ln jz1 − z2j (A.3)
The propagators on the flat unit disk with the Dirichlet or Neumann boundary condi-
tions could be found by the method of images,
Gd(z1, z2) = −α0 ln
 z1 − z21− z1 z2
 (A.4)
Gn(z1, z2) = −α0 ln j4(z1 − z2)(1− z1 z2)j (A.5)
We will also need the propagator derivatives on the boundary. Here z1 = r1e
it1 , z2 =
r2e





















 = −2gij α0 1X
n=1
e−nεn cosn(t1 − t2)
(A.8)






= gklGn(z1, z2) = −gkl α0 ln
4 sin2 t1 − t22
































 = 2gkl α0 1X
n=1
e−nεn cosn(t1 − t2)
(A.11)
Regularization by multiplying terms in the sums by e−nε is equivalent to dropping
out high modes of the restricted to the world-sheet boundary Laplace operator; its a
cuto at small distance ε on the world sheet.



















For the Gaussian integrals we have 11Z












 = gij (−2α0) 1X
n=1





= −gkl α0 ln
4 sin2t1 − t22









































Here we used the regularization by analytical continuation in momentum.









































































dp+1X Tr ∂ki∂ki (A.19)
We see, that 1
ε
term should be dropped to make the both regularizations equivalent





= ζ(0) = −1
2
.
In addition, one can regularize divergent integrals A1, A2 by analytical continuation

























= α0pi(ctg(ξ)− ctg(ξ + pi)) = 0 (A.20)
Thus, A1 vanishes after analytical continuation due to pi-periodicity of ctg(t).











(−α0) ln 4 sin2t1 − t22
































We see that this regularization coincides with the two previous ones, the analytical
continuation in momentum and the regularization of
P1










A.2. Calculations of 4-term







































ijδklG00(t1, t2)G00(t3, t4) +









































































)ε sin(n+ 1/2)(ϕ− ϕ0) (A.26)
Firstly, let us correct our bosonic calculation. One should add the following expres-








































Now the fermionic term cancels the divergence in the bosonic term.









= −(α0pi)2 Tr[ij ]2 (A.28)
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A.3. Calculations of 6-term























































n(k + n)(k − n)e
−(n+2k)ε (A.36)
Some of these sums can be expressed through the others,
Db − Bb = Cb (A.37)
Df −Bf = Cf (A.38)






























However, due to the cyclic symmetry of the -product under the trace, only the 5
dierent structures remain
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Ab + 2Bb − 6Cb

+



























In the superstring case also the following terms should be added
ZXXψψψψ() = (2α0)3(Tr iijjkk (0) +
+Tr iijkjk (−2Af − 2Bf) +
+Tr iijkkj (2Af + 2Bf) +
+Tr ijkikj (−2Af − 2Bf) +
+Tr ijkijk (2Af + 2Bf)) =










































Thus, the full expression for the 6-term in the superstring case is
19
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